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Motivation

Linear BVP can be regarded as an extension of the linear IVP
although they are quite different from methods, results for
existence, unigueness and solution formulae.

We concern its existence and uniqueness of solution for linear
BVP, and how to solve the linear BVP in general.



Existence and Uniqueness of Linear BVP

The general linear boundary value problem 1s given by:

x'=A(t)x+ f(t). Cx(a)+Dx(b)=n. (BVP)
where A(r) . C and D 1s nxn matrices and x ., f(zr) and » are n

dimensional vectors, A(#) and f(¢) are both in C[a.b]. In particular. if C =1

and D =0 . the linear BVP 1s a well-treated IVP.

Theorem 7.1 Let ®(¢) be a fundamental matrix of x'= 4(f)x. then the following

statements are equivalent:

(1) The linear homogeneous BVP (HBVP) x'= A(#)x. Cx(a)+ Dx(h)=0 has only
zero solution;

(2) »n dimensional matrix B = C®(a)+ D®(h) 1s nonsingular;

(3) The linear BVP has a unique solution.




Proof: (1) < (2): Since @(r) 1s a fundamental matrix. the general solution of

x'=A(Hx 15 x=D(f)c,
where ¢ 1sanarbitrary » dimensional constant vector. It 1s easy to see that

[CD(a) + DD(B)]e =0.

which has only solution of ¢ =0 <> the coefficient matrix B = C®(a) + DD(h) 1s

nonsingular.

(2) & (3): Let @(r) be asolution of

xX'=A)x+ f(1).

Then, its general solution 15 x=®()c+¢@(r) . where ¢ 1s an arbitrary n

dimensional constant vector. Substituting the general solution into the linear BVP, we
have

Be=n—-Ce(a)—Dep(b).

From the above, we obtain immediately that the linear algebraic system has a unique
solution < 1its coefficient matrix B 1s nonsingular. This concludes the result. []




Green Function and Solution Formula

Remark 7.1 Theorem 7.1 gives the characterization of the existence and uniqueness

of solution to the linear BVP. If B =C®(a)+ D®(h) is nonsingular, or the linear
HBVP x'=A(t)x. Cx(a)+ Dx(b)=0 has unique solution (zero solution), then. the
linear BVP has a unique solution.

Remark 7.2 If @®(¢) 1sfound, B =C®(a)+ DP(h) can be computed.

How to solve the linear BVP? What 1s its solution structure?
First, we need to define a Green matrix function and compute the Green function.

Second, we can solve the linear BVP with obtained Green matrix function based on
Theorem 7.1.




Definition 7.1 » dimensional matrix function G(¢,s) 1s called Green matrix

function of the linear HBVP if it satisfies the properties:

(1) Forany se(a.b),. %(Ls): A(1)G(t.s) when tela.b] and #s:
(2) Forany se(a.b)., CG(a,s)+DG(b.s)=0. se(a.b):

(3) G(t.s) 1s continuous on a<f<b . 6 a<s<b. t#s5, and has a jump

discontinuous at 7 =s such that

G(s+0,5)—G(s—=0.5)=1, se(a.b).
Theorem 7.2 Suppose that A4(¢) 1s continuous on [a.b]. and the linear HBVP has

only zero solution. Then. there exists uniquely a Green matrix function G(¢.s)., which

1s defined by (G-1). such that the linear BVP has a unique solution
x(t) = (OB + [ G(t.5) £ (s)ds. (G-0)

where @(¢) 1s a fundamental matrix of x'= 4(r)x and B =C®(a)+ DD(b).




Proof: Let

Git.5) = { —®()B'DD(b)YD(s). a<i<s, (G-1)

O(NB'CO(a)D'(s). s<t<h.

We verify three conditions by the definition of a Green matrix function. Clearly. the

conditions (1) and (3) are satisfied by the definition of G(¢.5s) 1n (G-1). Now we
verity the condition (2). Since

CG(a,s)+ DG(b.s) = — CD(a)B' DD(b)D ' (s) + DD(L)B'CD(a)D ' (s)
= —CD(a)B'DD(h)D ' (s) — DD(P)B ' DD(b)YD ' (s)
+ DD(h)B' DD ()P (5) + DD(H)B™'CD(a)D7(s)
= —[CD(a) + DD(b)|B' DD(H)D ' (s)
+ DD(h)B[DD(b) + CD(a)|D ' (s)
= —BB'D®(h)D 7' (5) + BB DD(H)YD ' (5) =0.

then, the defined G(z,s) 1s a Green matrix function of the linear HBVP by definition.




As for the uniqueness of G(t.s). we show by contradiction. If there were two
Green matrix functions G (7.s) and G,(f.s) such that G,(7.s) #G,(t.s) for
(t.s)ela.b]x[a.b]. [ #s:

Let G(t,5) =G,(t.s) —G,(t.s)#0 forall (t,s)e[a.b]x[a.b], t#s5.

First, for Vs ela.b]. G(t.s) 1s a continuous function on 7e<fa.b] and tZs:
when 7=y, inview of (3) in the definition of the Green matrix function. we have
G(s+0,5)—G(s—0.5) =G,(s+0.5) —G,(s +0,5) —G,(s - 0,5) + G, (s —0,5)
=1-1=0.
Then, after we define G(s.s) =G(s+0.s) =G(s—0.s) ., we obtain that for

Vs ela.b]., G(t.s) 1s continuous on te[a.b].




Second, since A4(7) 1s continuous and

oG
ot

(t.s)=AG(t.s). 1#5.

we obtain that for a<s<t or b>s>1t, G(t,s5) 1s a solution of x'= A4(f)x, so as

to be the solution of the linear HBVP except for the point at 7#s. which implies

G(t.s)=0, t#s. This s a contradiction by assumption. The uniqueness of the Green

matrix function 1s proved.

Finally, we show that (G-1) is a solution of the linear BVP. We submit (G-1) into
(G-0) and have

x(t) = ®(H) B + J:(IJ(I)B"1C<D(a)tb"1(s)f(s)ds - f(b(z‘)B"D(D(b)(b"(s)f(s)ds |




Taking derivative above on both sides. we have

¥(1) = AODOB™ 7+ AD)[ BB CO(a)D™ (5) (s)ds + D(H)B ™ CO@)D™ (1) /(1)
— A [ ©()B D)V (5) £ (5)ds + (1) B DD(B)YD™ (1) £ (1)
= A(x(t) + @(1)B B (1) f (1) = A[D)x (1) + f (1) :
which implies that (G-0) is a solution of x' = A(f)x + f(¢). Moreover, we show that

(G-0) satisfies Cx(a)+ Dx(b) =1 . By the condition (2) of the Green matrix function,
we have
Cx(a) + Dx(b) = CD(a)B™y + [ CG(a.5) £ (s)ds + DO®B)B ™ + [ DG(b.s) £ (s)ds
=1+ [[CG(a.5) + DG(b.s)f (s)ds =1.
Therefore. (G-0) 1s a unique solution of the linear BVP. This is the end of proof. [




Remark 7.3 Theorem 7.2 gives a solution formula based on ®(7).

Example 7.1 Find the solution of the following BVP:
{x; =Xx,, x,(0)=0.

x,=—x,+1, x,(7)=0.

Solution: We write the BVP into the standard form and then we have

{8 el ol 5o o)

We may find the fundamental matrix solution of x'= Ax as follows:

cosf  sint
D(1) = _ .
—sInft  cosft

Hence,.

1 0yl 0) (0 0Y-1 0) (1 0} _,
BZC{D(OHD@(”):(O OJ[U 1]{0 1}(0 —1]:[0 —J:B

which 1s nonsingular. Therefore. the problem of interests has a unique solution.




We compute G(7.s) with the formula (G-1) as follows:

Glrs)=1~ OB DD(7)D(s). 0<t<s,
’ O(HBCD0)D(s). s<t<,
sSINfsins  SINZcoss
- : ., 0<r<s.
B COosfsins COSICOSS
- cosfcoss —cosfsins
: : : ., S<i<nT.
—smr7coss  sIn7sins

Theretore. the desired solution 1s

o
(1) = [ G(t,5)f (s)ds
0
J-f COSICOSS —Ccosfsins Od ( sInfsins  SINfCOSS Od
= . . lds — . s
ol —sinrfcoss sinfsins N 1 t | costsins cosrcoss N 1
¢ —costsin s z( SINTCOSS
:I _ _ ds — ds
ol sinfsins t | costcoss

[ cosit(cost—1) s sint | (l-cost
| —sint(cosz—1) sinfcost) | sint )




Homework

1. Find the solution of the following BVP:

X =x, +Hi, x,(0)=0
X, =1, x,(H)=0"

where ®(f)=e™ = ((1) i] is given. (Answer: [:;((g} = [t:_f])
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